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Abstract
Let D be a strongly connected digraph of order n. The kth power Dk of D is the digraph with
the same set of vertices, a vertex x being joined to a vertex y 6= x in Dk if the directed distance
from x to y in D is less than or equal to k. We show that for k>bn=2c; Dk is traceable and
we characterize the digraphs D of even order n whose (n=2− 1)th power is traceable. c© 2000
Elsevier Science B.V. All rights reserved.
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1. Terminology
All digraphs considered here are supposed to be nite and simple. If D is a digraph,
we denote by V (D) its vertex-set, by A(D) its set of arcs.
For x2V (D), let d+(x :D) and d−(x :D) denote the number of all successors
and all predecessors of vertex x in D, respectively; the sum d(x)=d(x :D)=
d+(x :D) + d−(x :D) is called the degree of x. The length of a shortest directed path
from a vertex x to a vertex y in D (if there is any) is denoted by dD(x; y), and the
independence number of D by (D).
The mth power Dm of a digraph D=(V (D); A(D)) is the digraph with the same set
of vertices such that a pair (x; y) of dierent vertices x; y is an arc in Dm whenever
dD(x; y)6m.
The hamiltonicity exponent eH(D) of a strongly connected digraph D is the mini-
mum number m such that Dm is hamiltonian. The hamiltonian connectedness exponent
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eHC(D) of D and the traceability exponent eT(D) are dened in a similar way. A
digraph is said to be traceable if it contains a hamiltonian (directed) path.
All concepts not dened in this paper can be found in [1].
2. Preliminaries
Investigations on hamiltonian properties of powers of undirected graphs started o
with the well-known paper of Sekanina (1960, [9]). Since then many mathematicians
have studied the hamiltonian behaviour of such graphs and presented interesting con-
tributions in this eld, for example the famous theorem of Fleischner [3] on squares of
two-connected graphs. First, results on hamiltonian powers of directed graphs were ob-
tained in [6]. There, the notions of traceability exponent as well as of hamiltonicity and
hamiltonian connectedness exponents of a digraph were introduced and it was shown
that eHC(D)63 for every directed cactus D. A further result [7] is the characterization
of the family of unicyclic directed cacti with eH(D)62. Using a result of Bermond
[2] Wojda and Schaar [8] have proved the following theorem.
Theorem 1. Let D be a strongly k-connected digraph of order n>2. Then
(i) eH(D)6dn=2ke;
(ii) eHC(D)6d(n+ 1)=2ke:
Corollary 1. If D is a strongly connected digraph of order n>2 then Dm is hamil-
tonian for every m>n=2.
For n= i+ j let Fi; j (i; j>1) be the digraph on n vertices obtained from a directed
path (x1; x2; : : : ; xi) by adding a set Y (j) of j new vertices and joining xi to each new
vertex and each vertex of Y (j) to x1.
Let Fi; j denote the family of digraphs D that can be got by adding to the digraph Fi; j
a set of arcs of the form (xl; xk) where l>k. It can be easily seen that for D2Fm; m+1
or D2Fm+1;m+1; Dm is not hamiltonian. Thus, Corollary 1 is best possible.
The next two theorems have been presented by Marczyk [5].
Theorem 2. Let n>3 be an integer and m= dn=2e − 1. If D is a strongly connected
digraph of order n such that (Dm)6m; then Dm is hamiltonian.
Theorem 3. Let D be a strongly connected digraph of order n=2m+1; m>1. Then
Dm is hamiltonian i D is not isomorphic to a digraph of the family Fm; m+1.
Now we recall the well-known Ghouila-Houri’s result [4].
Theorem 4. Let D be a strongly connected digraph of order n. If for every
vertex x; d(x)>n then D is hamiltonian.
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As a simple corollary of this theorem we note
Corollary 2. Let D be a strongly connected digraph of order n>2. If d(x)>n − 1
for every x2V (D); then D is traceable.
3. Preparatory results
Theorem 5. Let D be a strongly connected digraph of order n>2. Then
eT(D)6bn=2c:
Proof. By Corollary 1, eH(D)6dn=2e, therefore eT(D)6dn=2e. Moreover, if n = 2m,
then dn=2e= m= bn=2c and we are done.
Suppose then that n=2m+1. By Theorem 3, Dm is hamiltonian i D does not belong
to the class Fm; m+1. But it is easy to check that for D2Fm; m+1; Dm is traceable. Thus,
in every case Dm is traceable and the inequality eT(D)6m= bn=2c holds.
The following corollary is a very simple observation and shows that the upper bound
for eT(D) in Theorem 5 is best possible.
Corollary 3. For every n>2; there is a strongly connected digraph D with
eT(D) = bn=2c.
Because this assertion is trivial for n = 2; 3 it is sucient to nd for every n>4 a
strongly connected digraph D of order n such that Dbn=2c−1 is not traceable. Indeed,
for n= 2m+ 2 the digraph Hm, where H = Fm; m+2, is not traceable because (Hm) =
m + 2>n=2. Similarly, if n = 2m + 3, the mth power of H = Fm+1;m+2 has no
hamiltonian path, since (x1; y); (y; xm+1) 62A(Hm) for y2Y (m+ 2).
Now we suggest the following conjecture.
Conjecture. Let n>4 be an integer and m= bn=2c − 1. If D is a strongly connected
digraph on n vertices and (Dm)6m+ 1; then Dm is traceable.
We are going to prove this conjecture for n even.
Theorem 6. Let D be a strongly connected digraph of order n = 2m + 2 (m>1). If
(Dm)6m+ 1; then Dm is traceable.
Proof. Clearly, m=bn=2c−1. It is easy to check that for m=1 the theorem is true. Now,
let m>2 and suppose that (Dm)6m+ 1 but Dm is not traceable. If (Dm)6m then,
by Theorem 2, Dm is hamiltonian, a contradiction. So we may assume that (Dm) =
m+1>3. If for every vertex x of D; d(x :Dm)>n− 1=2m+1, then, by Corollary 2,
Dm is traceable, a contradiction to our assumption. Hence, there exists a vertex x of
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D such that d(x :Dm)6n− 2=2m. Furthermore, it can be easily shown that for every
y2V (D), d+(y :Dm)>m and d−(y :Dm)>m. Thus, d(x :Dm)=2m and d+(x :Dm)=
d−(x :Dm) = m, and moreover, there is a vertex u 6= x such that dD(u; x)>m+ 1. Let
h0 = (u; : : : ; x) be a shortest path from u to x in D. Since the length lD(h0)>m + 1,
there exists a proper subpath h= (x1; : : : ; xm+1 = x) of h0 with lD(h) = m.
Let Y0 = V (D)nfx1; : : : ; xm+1g. Clearly, jY0j=m+ 1. Since d−(x :Dm) =m, there is
no arc in D from any vertex y2Y0 to an xj; j = 2; : : : ; m + 1, because otherwise y
would be a predecessor of x in Dm. Therefore, for any y2Y0, a shortest path from y
to x in D is of the shape
(y = u1; : : : ; uk ; x1; : : : ; xm+1 = x)
with some k; 16k6m+ 1, and of length m+ k.
Let M be a maximum independent set in Dm, i.e. jM j = (Dm) = m + 1. Since
dD(xi; xj) = j − i6m for 16i< j6m+ 1; dD(uk ; x1) = 16m; and dD(ui; uj) = j − i6
k−16m for 16i< j6k, it follows that M contains at most one xi (i2f1; : : : ; m+1g)
and at most one of the ui’s with 16i6k. Therefore, M has at least m − 1 vertices
belonging to the set Y0nfu1; : : : ; ukg of m+ 1− k vertices, so m+ 1− k>m− 1 and,
consequently, k62. Thus, for every y2Y0; dD(y; h) = dD(y; x1)2f1; 2g.
Denote by y1; : : : ; yr the vertices of Y0 with dD(yi; x1)=1 and by z1; : : : ; zm+1−r those
with dD(zj; x1) = 2. Clearly, 16r6m+ 1. Setting
Y = fy1; : : : ; yrg; Z = fz1; : : : ; zm+1−rg
we get Y \ Z = ;; Y [ Z = Y0 and 06jZ j6m.
Let z; z0 2Z; z 6= z0. By the denition of Z and Y there exist vertices u; w2Y such
that (z; u; x1) and (z0; w; x1) are shortest paths in D from z and z0 to x1, respectively.
Let y; y0 2Y be arbitrary neighbours in Dm of z and z0, respectively. Suppose y 6= y0.
Then M contains at most one vertex xi, (i2f1; : : : ; m+1g), at most one element of the
set fy; zg, and at most one element of fy0; z0g, therefore at least m− 2 vertices of the
set Y0nfy; z; y0; z0g having m+ 1− 4 =m− 3 vertices, which is a contradiction. Thus,
if jZ j>2, then every z 2Z has exactly one neighbour in Dm belonging to Y , and all
these neighbours coincide with one vertex, say y1. Moreover, the vertex y1 must be a
successor of every element z of Z in D. Now we shall consider three cases.
Case 1: jZ j = m + 1 − r>2. Then m>r + 1>2. Since M contains at most one of
the m+1 vertices xi and each vertex of Z is a neighbour of y1 in Dm, the assumption
y1 2M would result in jM j61 + jY j = 1 + r6m, a contradiction. Thus y1 62M , and
because of jM j= m+ 1 the set M is of the form
fz1; : : : ; zm+1−r ; y2; : : : ; yr; xi0g
with some i0; 16i06m + 1. Especially, the set Z [ fy2; : : : ; yrg is independent in D.
There is no arc in D from y1 to yi; i>2, because otherwise dD(z1; yi) = 26m, a
contradiction to the independence of M in Dm. Similarly, there is no arc from y1
to a zj, since otherwise we would have dD(zi; zj) = 26m for every i 6= j. Thus all
predecessors of the set fz1; : : : ; zm+1−r ; y2; : : : ; yrg in D are vertices of h−xi0 , but every
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vertex of this set has a predecessor since there is a path in D from x1 to every vertex.
Let xi1 ; : : : ; xim+1−r ; xim+2−r ; : : : ; xim (all 6= xi0 ) be predecessors of z1; : : : ; zm+1−r ; y2; : : : ; yr
in D, respectively.
Case 1.1: r>2. Then i0>m + 1, because otherwise dD(y2; xi0 )6i06m, in con-
tradiction to the independence of M . Thus i0 = m + 1, i.e. xi0 = xm+1 = x2M . We
have now i1; : : : ; im+1−r = m (<i0 = m + 1), because otherwise (i.e. if il <m for
some l6m+ 1− r) dD(y2; zl)6il + 16m, a contradiction. Furthermore, if r>3, then
im+2−r ; : : : ; im = m<i0 = m+ 1. In fact, suppose that im+k−r <m and l 6= k (k; l>2).
We would have dD(yl; yk)6im+k−r + 16m, a contradiction.
Now for r>2, the following path
(y2; x1; y3; : : : ; yr; xr−1; z1; xr ; z2; : : : ; zm+1−r ; y1; xm; x)
is a hamiltonian path in Dm, which is a contradiction.
Case 1.2: r=1. The set M is of the form fz1; : : : ; zm; xi0g and m>2. Each predecessor
of zj (j = 1; : : : ; m) in the digraph D belongs to h and is dierent from xi0 ; let xij be
a predecessor of zj in D; j = 1; : : : ; m. We have i0 2fm;m + 1g, because otherwise
dD(z1; xi0 )6i0 + 16m, a contradiction to the independence of M . Let k = ij; k 6= i0.
Then for l 6= j and k6m−2, dD(zl; zj)62+k−1+16m, a contradiction. So k>m−1,
i.e. xij 2fxm−1; xm; xm+1g for j = 1; : : : ; m. Suppose now xij = xm+1 for some j. Then
dD(xi0 ; zj)626m, a contradiction. Thus, we can assume that ij 2fm−1; mg for every j.
Furthermore, if ij = m − 1 and k6m − 1, then dD(xk ; zj) = (m − 1 − k) + 16m −
1. Similarly, for ij = m and k6m − 1 we have dD(xk ; zj)6m. Clearly, dD(zj; xk)6
2 + (k − 1)6m if k6m− 1. Therefore, (z1; x1; z2; x2; : : : ; zm−1; xm−1; zm; y1; xm; xm+1) is
a hamiltonian path in Dm, a contradiction.
Case 2: jZ j=1. Hence z1 = z has in D at least one successor, and all successors of z
belong to Y . We can assume without loss of generality that y1; y2; : : : ; ys; 16s6r=m
are the successors of z in D. Because M contains at most one xi; i2f1; : : : ; m+1g, at
most m vertices from fz; y1; : : : ; ymg= Y0 and consists of m+ 1 elements, M contains
exactly one of the xi’s, say xi0 , and exactly m(>2) vertices of Y0. Since dD(yj; xi0 ) =
dD(yj; x1) + dD(x1; xi0 )6i0 for j = 1; : : : ; m, we get i0 = m+ 1.
Case 2.1: z 62M . Then M=fy1; : : : ; ym; xm+1g. Clearly, in D there are no arcs joining
vertices of M . For every j=s+1; : : : ; m, there is a shortest path from x1 to yj in D, and
the predecessor y j of yj on this path cannot belong to Y0 (because of the denition of
s and the independence of M), thus y j is a vertex on h. Obviously, y j 6= xm+1, and
for y j= xk(k 2f1; : : : ; mg) we obtain dD(y1; yj)61+ (k− 1)+1= k+1 which implies
k>m. So we have y j = xm for every j = s+ 1; : : : ; m.
At rst we assume s>2. Then D cannot contain any arc (yj; z); j=1; : : : ; m, because
the existence of such an arc (yj; z) would imply dD(yj; yi)6dD(yj; z)+dD(z; yi)=26m
for i 6= j; 16i6s, in contradiction to the independence of M . Hence, the predecessor
of z on a shortest path from y1 to z in D is a vertex xj0 on h (j0 2f1; : : : ; m+1g); and
since dD(y1; y2)6dD(y1; x1) + dD(x1; xj0 ) + dD(xj0 ; y2)6j0 + 2 and dD(xj0 ; y1)626m
we get j0 2fm− 1; mg. In both cases j0 = m− 1 and j0 = m we form
p= (y1; x1; z; y2; x2; y3; : : : ; ys; xs; ys+1; xs+1; : : : ; ym; xm; xm+1);
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where consecutive vertices have the following distances in D :dD(yj; xj)6j for
j=1; : : : ; m; dD(x1; z)6j0; dD(z; y2)=1; dD(xi; yi+1)6j0− i+26j0 for i=2; : : : ; s−1
(which occurs only if s> 2), dD(xj; yj+1)6m− j+16m−1 for j= s; : : : ; m−1 (which
occurs only if s<m), and dD(xm; xm+1) = 1: Thus p is a hamiltonian path in Dm, a
contradiction.
Now we have to suppose s=1. It follows y j = xm for every j=2; : : : ; m, and it can
be easily seen that (z; y1; x1; y2; x2; y3; x3; : : : ; xm−1; ym; xm; xm+1) is a hamiltonian path
in Dm, in contradiction to our assumption.
Case 2.2: z 2M . Then y1; : : : ; ys 62M , thus M fz; ys+1; : : : ; ym; xm+1g, and because
of jM j = m + 1 we get s = 1 and M = fz; y2; : : : ; ym; xm+1g, where m>2. For every
j = 2; : : : ; m, there is a shortest path in D from x1 to yj, and the predecessor y j of
yj on this path cannot belong to M , and furthermore, y j 6= y1 because otherwise we
would get dD(z; yj)6dD(z; y1)+dD( y j; yj)=26m. Therefore, y j 2fx1; : : : ; xmg for every
j = 2; : : : ; m.
At rst we assume m>3. If some y j; j2f2; : : : ; mg, say y 2, belongs to fx1; : : : ;
xm−1g it follows dD(y3; y2)61+(m−2)+1=m, a contradiction to the fact that M is in-
dependent in Dm. Thus y j=xm for every j=2; : : : ; m, and (z; y1; x1; y2; x2; : : : ; ym; xm; xm+1)
is a hamiltonian path in Dm, a contradiction.
Now assume m = 2. Obviously, (z; y1; x1; y2; x2; x3) is a hamiltonian path in D2 in
both cases y 2 = x2 and y 2 = x1, in contradiction to our assumption.
Case 3: jZ j= 0. For every j = 1; : : : ; m+ 1 there is a shortest path hj in D from x1
to yj. Denote by y j the predecessor of yj on hj.
Case 3.1: M = fy1; : : : ; ym+1g. Hence y j 2fx1; : : : ; xm+1g and y j 6= x1; : : : ; xm−1
since otherwise for i 6= j, dD(yi; yj)6m, a contradiction. Thus y j 2fxm; xm+1g for
j = 1; : : : ; m + 1. If there are two dierent arcs (xm+1; yi); (xm+1; yj) in D, then xm+1
has the following successors in Dm :yi; x1; : : : ; xm−1; yj, which contradicts the equality
d+(x :Dm) = m.
Case 3.1.1: There are no arcs in D going from xm+1 to Y . Then we can nd an
arc (xm+1; xk) in D with 16k6m. If k>2, then (xm+1; xk ; : : : ; xm; yj) is a path in D of
length m− k + 26m. Hence the vertices y1; : : : ; ym+1 are successors of xm+1 in Dm, a
contradiction to the property d+(x :Dm) = m.
If x1 is the only successor of xm+1 in D, then fy1; : : : ; ym+1; xm+1g is an independent
set in Dm with m+ 2 vertices, a contradiction.
Case 3.1.2: There is exactly one arc in D from xm+1 to Y , say (xm+1; y1). Then
y j = xm; j = 2; : : : ; m + 1. Thus, (y2; x1; y3; x2; : : : ; ym+1; xm; xm+1; y1) is a hamiltonian
path in Dm, a contradiction.
Case 3.2: The set fy1; : : : ; ym+1g is not independent in Dm. Hence M contains exactly
one xi0 (16i06m+ 1). We may assume that M is of the form M = fy1; : : : ; ym; xi0g.
We have dD(y1; xi0 )61 + i0 − 1 = i0. If i06m, then (y1; xi0 )2A(Dm), a contradiction.
Hence, M is of the form fy1; : : : ; ym; xm+1g. Since d−(x :Dm) = m the only arcs in D
from Y to h are (yj; x1); j=1; : : : ; m+1. For every j=1; : : : ; m+1, there is a path hj in D
from x1 to yj; let y j be the predecessor of yj on hj. For j=1; : : : ; m it follows y j 62M
and therefore, y j 2fx1; : : : ; xm; ym+1g. If y j=xk with k6m−1 for some j2f1; : : : ; mg,
A. Marczyk, G. Schaar /Discrete Mathematics 212 (2000) 121{128 127
say ym = xk , we get dD(y1; ym)61 + (k − 1) + 16m, in contradiction to the fact that
M is independent in Dm. Thus y j 2fxm; ym+1g for every j = 1; : : : ; m.
Without loss of generality let y1; : : : ; yt and yt+1; : : : ; ym (06t6m) be those vertices
yj 2fy1; : : : ; ymg satisfying y j = ym+1 and y j 6= ym+1, respectively. Then for j = t +
1; : : : ; m, necessarily y j = xm.
At rst we assume t>2. If ym+1 =yi for some i2f1; : : : ; mg then dD(yi; yj)626m
for j=1; : : : ; t, and if ym+1=xm+1 then dD(xm+1; y1)626m, a contradiction to the inde-
pendence of M in Dm in both cases. Hence ym+1=xk with some 16k6m. Because of
dD(ym; y1)61+(k−1)+2=k+2 we get k>m−1. Now, (y1; x1; ym+1; y2; x2; y3; : : : ; xt−1;
yt ; xt ; yt+1; : : : ; xm−1; ym; xm; xm+1) if t>3 and (y1; x1; ym+1; y2; x2; y3; : : : ; xm−1; ym; xm;
xm+1) if t = 2 is a hamiltonian path in Dm, a contradiction.
Now assume t = 1. Then (ym+1; y1; x1; y2; x2; : : : ; ym; xm; xm+1) is a hamiltonian path
in Dm, a contradiction.
It remains t=0. Since fy1; : : : ; ym; ym+1g is not independent in Dm but fy1; : : : ; ymg is
independent, there exists a vertex yi; i2f1; : : : ; mg, say y1, such that dD(y1; ym+1)6m
or dD(ym+1; y1)6m. Then
(ym+1; y1; x1; y2; x2; : : : ; ym; xm; xm+1) if dD(ym+1; y1)6m
and
(y1; ym+1; x1; y2; x2; : : : ; ym; xm; xm+1) if dD(y1; ym+1)6m
is a hamiltonian path in Dm, in contradiction to our assumption. Thus Theorem 6 is
proved.
4. Conclusion
Theorem 7. Let D be a strongly connected digraph of even order n=2m+2 (m>1).
Then Dm is traceable i D is not isomorphic to a digraph of the family Fm; m+2.
Proof. Let H =Dm. If D belongs to Fm; m+2 then H is not traceable by the argument
following Corollary 3. Now suppose that D is isomorphic to none of the digraphs of
the family Fm; m+2 and H is not traceable. Since d+(x :H)>m and d−(x :H)>m for
every vertex x, we have (H)6m + 2. If (H)6m + 1, then, by Theorem 6, H is
traceable, a contradiction. So we may assume (H)=m+2. Let M denote a maximum
independent set of cardinality m + 2 and x; y be two dierent vertices of M . Since
D is strongly connected, there is a directed path h = (x; x1; : : : ; xm; y) of length m + 1
in D such that xi 62M; i = 1; : : : ; m. Moreover, x1 is the only successor of any vertex
belonging to Mnfyg, because otherwise M would not be independent. Similarly, xm
is the unique predecessor of any vertex of M . By the same argument, (y; x1)2A(D).
Thus, there exists a subgraph D0 of D which is isomorphic to Fm; m+2 and contains all
arcs of D incident with vertices of M . Since M is independent there are no arcs in
D from xi to xj for i< j − 1. Therefore, D is isomorphic to a digraph of Fm; m+2, a
contradiction.
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